ABSTRACT This paper studies the fundamental performance limits of a single-input multiple-output (SIMO) high mobility wireless communication systems with imperfect channel state information (CSI). The fundamental limits are quantified in terms of the maximum diversity order (including both Doppler diversity and antenna diversity) that can be achieved by a high mobility system, and the loss in coding gain due to channel estimation errors. Due to severe Doppler effects caused by fast time-varying fading in high mobility systems, channel estimation errors are usually inevitable and might cause significant performance losses. On the other hand, Doppler effect provides potential Doppler diversity that can be harnessed to improve system performance. To quantify this fundamental tradeoff between Doppler diversity and channel estimation errors, we perform analytical studies of the asymptotic error performance of SIMO high mobility systems when the signal-to-noise ratio and the coding block length is large. The analytical results are obtained by analyzing and quantifying the impacts of channel estimation errors on the system performance. With the help of pilot-aided channel estimation and a simple repetition code, we identified the maximum diversity order achievable by a SIMO high mobility system with imperfect CSI and the loss in coding gains due to the inevitable channel estimation errors. The analytical results are then used to optimally allocate transmission energy to pilot symbols and data symbols to simultaneously maximize the Doppler diversity order and minimize the loss coding gain loss due to channel estimation errors. The results reveal the fundamental tradeoff between Doppler diversity and channel estimation errors and can be used to serve as a guide in the design of practical high mobility systems.
I. INTRODUCTION
The growing popularity of broadband communications on high speed railways (HSR) and aircrafts demands the development of reliable and efficient high mobility wireless communication systems. One of the main challenges faced by high mobility system development is the large Doppler spread that can be in the order of KHz [1] , yet most conventional wireless communication systems are designed to operate with a Doppler spread of at most a couple of hundred Hz. Large Doppler spread causes fast time variation of the small scale fading with a coherence time as small as hundreds of microseconds. It is a daunting task to accurately estimate and track the fast time-varying fading. As a result, channel estimation errors are usually inevitable in high mobility systems. Consequently, conventional techniques developed under the assumption of perfect channel state information (CSI) are no longer valid for high mobility systems.
On the other hand, fast fading variation can be employed to benefit system performance owing to the Doppler diversity [1] . There have been a number of works in the literature devoted to optimizing the performance of systems with Doppler diversity [2] - [12] . However, the works in [2] - [4] are performed under the assumption of perfect CSI. In high mobility systems, channel estimation errors are non-negligible and they might have significant impacts on system performance. The optimum designs of high mobility systems with channel estimation errors are studied by using spectral efficiency as a design metric in [5] - [7] . However these studies did not consider the utilization of Doppler diversity.
The optimum designs of Doppler diversity systems with imperfect CSI are studied in [8] - [11] . In [8] , [9] , and [11] , the maximum Doppler diversity order that can be achieved by a single-input single-output (SISO) system with imperfect CSI is analytically identified; where the maximum Doppler diversity order is achieved at the expense of low spectral efficiency. An energy and spectral efficient Doppler diversity transmission scheme is proposed in [10] , and it achieves a balanced tradeoff between energy and spectral efficiencies in SISO high mobility systems. The design of single-input multiple-output (SIMO) system with imperfect CSI is discussed in [12] and [13] . It is shown that the presence of channel estimation error will affect the optimality of the diversity receiver. A new diversity receiver is designed in [13] by utilizing the statistics of the channel estimation errors. The results of [12] and [13] are obtained with quasi-static fading channels and they are not applicable to high mobility systems.
In this paper, we study the fundamental tradeoff between Doppler diversity and channel estimation errors in SIMO high mobility wireless communication systems. The tradeoff is quantified through two metrics: the maximum achievable diversity order (including both Doppler diversity and antenna diversity) in the presence of imperfect CSI, and the minimum loss in terms of coding gain due to channel estimation errors. By analyzing the statistical properties of the channel coefficients estimated using pilot assisted minimum mean squared error (MMSE) channel estimation, an optimum receiver that can effectively harvest both space diversity and Doppler diversity inherent in the system is developed. The optimum diversity receiver is different from conventional diversity receivers because the statistics of channel estimation errors are incorporated in the receiver. The analytical error probability of the proposed receiver is obtained, and it is expressed as a function of number of parameters, such as the maximum Doppler spread, the signal-to-noise ratios (SNR) of pilot and data symbols, and the temporal correlation of the channel, etc. The analytical results quantify the impact of channel estimation errors on system performance. The maximum diversity order and coding gain are then developed by performing asymptotic analysis of the theoretical error probability when the SNR and the coding block length is large.
With the new analytical results, we perform analytical studies of the asymptotic error performance of SIMO high mobility systems when the signal-to-noise ratio (SNR) and the coding block length is large. The analytical results are obtained by analyzing and quantifying the impacts of channel estimation errors on the system performance. With the help of pilot-aided channel estimation and a simple repetition code, we identified the maximum diversity order achievable by a SIMO high mobility system with imperfect CSI, and the loss in coding gains due to the inevitable channel estimation errors. The analytical results are then used to optimally allocate transmission energy to pilot symbols and data symbols to simultaneously maximize the Doppler diversity order and minimize the strike out loss coding gain loss due to channel estimation errors. The results reveal the fundamental tradeoff between Doppler diversity and channel estimation errors and can be used to serve as a guide in the design of practical high mobility systems. The theoretical results are then used to optimally allocate energy between pilot symbols and data symbols to simultaneously maximize the Doppler diversity order and minimize the loss in coding gain due to channel estimation errors, thus achieving the optimum tradeoff between the two performance metrics. The results reveal the fundamental performance limits of SIMO Doppler diversify systems operating in the presence of imperfect CSI.
The rest of the paper is organized as follows. The system model is presented in Section II. The MMSE channel estimation and the statistical properties of imperfect channel state information (CSI) is studied in III. The optimum diversity SIMO receiver with imperfect CSI is developed in Section IV. Sections V identifies the fundamental tradeoff between Doppler diversity and channel estimation errors through the development of the maximum diversity order and coding gain in the presence of imperfect CSI. Numerical results are given in Section VI, and Section VII concludes the paper.
II. SYSTEM MODEL
Consider a SIMO system with one transmit antenna and N R receive antennas operating in a high mobility environment. Pilot-assisted channel estimation is employed to estimate and track the fast time-varying channels.
A. CHANNEL MODEL
In this paper we adopt a narrow band statistical channel model, where the channel on each antenna is assumed to experiences wide-sense-stationary uncorrelated scattering (WSSUS). The WSSUS channel model assumes that the scatters with different path delays are uncorrelated, and the channel correlation function is invariant over time.
In a WSSUS model, the relative movement between the transmitter and receiver can be characterized by using the autocorrelation function of the channel fading coefficient. Let h r (n) denote the channel fading coefficient at the r-th receive antenna during the n-th symbol period, for r = 1, · · · , N R and n = 1, 2, · · · . Under the assumption of Rayleigh fading, h r (n) is symmetric complex Gaussian distribution with zero mean and unit variance. the N R receive antennas are assumed to be half-wavelength apart, such that the channels on different antennas are identically and inde-
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where E(·) is the mathematical expectation operator, the superscript (·) * denotes complex conjugate, f D is the maximum Doppler spread of the fading channel, T s is the symbol period, and J 0 (x) is the zero-order Bessel function of the first kind. Performing Fourier transform of (1), we can obtain the power spectral density of the channel in the wellknown Jake's spectrum
In the autocorrelation function in (1) and the PSD in (2), the relative mobility between the transmitter and receiver is characterized by the maximum Doppler spread f D . The maximum Doppler spread can be calculated by f D = v λ , where v is the relative speed between the transmitter and receiver, and λ is the wavelength.
It should be noted that the WSSUS model can only model the relative movement between the transmitter and receiver, but it cannot model the subtle difference due to the separate movement of the transmitter or receiver. A more realistic representation of the channel propagation environment can be obtained by using a geometric-based model, which represents the channels by using ray tracing over a large number of scatters placed on certain geometry shapes. Since this paper focuses on the fundamental theoretical performance limits of high mobility system, a WSSUS model is sufficient to provide insights on the relationship between mobility (f D ) and system performance. The simplified WSSUS model provides the best possible performance comparing it to geometry-based models with more parameters, and the results obtained with i.i.d. channels can be considered as theoretical performance lower bounds for more complicated systems with correlated channels.
B. PILOT ASSISTED TRANSMISSION
The data symbols to be transmitted from the transmitter are divided into slots. As depicted Figure 1 , each slot contains K unique modulated data symbols
, where S is the modulation alphabet set, and the superscript (·) T represents the matrix transpose. To identify the maximum Doppler diversity embedded in the system, we adopt a simple repetition code, where each modulated data symbol is repeated N times. Such a repetition precoding scheme ensures the maximum Doppler diversity at the expense of a lower spectral efficiency. The error probability performance with the repetition code can serve as a lower bound for systems employing spectral-efficient precoding schemes [8] . After precoding, equally-spaced pilots are inserted among the data symbols.
The signals in a slot can be denoted as N pilot symbols, and the data symbol vector s is repeated N times. Without loss of generality, it is assumed that the pilot symbols are from constant amplitude modulation, such as M -ary phase shift keying (MPSK). There are totally N sym = (K + 1)N symbols in one slot. With such a slot structure, the time duration between two adjacent pilot symbols is T p = (K +1)T s , where T s is the symbol period. Thus the pilot symbols sample the channel at a rate
It has been shown in [5, Proposition 2] that as long as the pilot symbols sample the channel at a rate larger than its Nyquist rate, i.e. R p ≥ 2f D , we can get accurate estimation of the channel state information. Further increasing the number of pilots while keeping the total energy of all pilots constant will not increase the estimation accuracy, and it will only increase the overhead of the system. Denote the energy for each pilot and coded data symbol as E p and E c , respectively. The total energy in one slot is thus E p N + E c KN , and the energy per uncoded information bit can be calculated as
where M = |S| is the cardinality of the modulation constellation set.
The pilot and coded data symbols are transmitted over the time-varying fading channel. The index of the k-th pilot symbol is denoted as i k = k(K + 1), where k = 1, · · · , N . Then the pilot symbols observed at the r-th receive antenna can be represented by
where
are the received pilot vector and additive white Gaussian noise (AWGN) vector, respectively, with C denoting the set of complex numbers,
is a diagonal matrix with the N pilot symbols on its main diagonal,and
is the discrete-time channel fading vector sampled at the pilot locations for the r-th antenna. The AWGN vector is a zero-mean symmetric complex Gaussian random vector (CGRV) with covariance matrix σ 2 z I N , where σ 2 z is the noise variance and I N is a size N identity matrix.
With the repetition code, each modulated data symbol is transmitted N times. The k-th data symbol s k is transmitted over symbol indices k n = (n−1)(K +1)+k, for n = 1, · · · , N in a slot. The received sample vector corresponding to the k-th data symbol s k at the r-th antenna can then be expressed as
T , are length-N vectors of received samples, fading coefficients, and AWGN, respectively.
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Stacking up y r,k , for r = 1, · · · , N R , into a column vector, we have
III. CHANNEL ESTIMATION AND STATISTICAL PROPERTIES OF IMPERFECT CSI
Channel estimation and the statistical properties of the CSI estimated by using the pilot symbols are discussed in this section.
The receiver first performs channel estimation to obtain an estimate of the time-varying fading channel over an entire slot based on distorted observation of pilot symbols. Since the channels observed by different antennas are independent, they can be estimated separately. Due to the temporal channel correlation, the channel coefficients of the coded data symbols can be directly estimated using the received pilot symbols by MMSE estimation. The linear MMSE estimation of the channel coefficients corresponding to the k-th data symbol at the r-th receive antenna is [9] 
where 
is the SNR of the pilot symbols,
, ∀k, and X p X H p = I N is used in the derivation of the above equation [9] .
The estimated channel vectorĥ r,k is zero-mean Gaussian distributed with covariance matrix Rkk = R kk − R ee . In addition, conditioned onĥ r,k , h r,k is Gaussian distributed with mean E[h r,k |ĥ r,k ] =ĥ r,k and covariance matrix R k|k = R ee [9] .
, thenĥ k is zero mean Gaussian distributed with covariance matrix Ckk = I N R ⊗ Rkk , where ⊗ denotes the Kronecker product. The error covariance matrix ofĥ k is C ee = I N R ⊗ R ee . The average MSE of the imperfect CSI can be computed as
where trace(·) is the matrix trace operator.
IV. OPTIMUM DIVERSITY SIMO RECEIVER WITH IMPERFECT CSI
In this section, an optimum diversity receiver for the SIMO system operating in the presence of imperfect CSI in high mobility environment is developed by taking into consideration the channel estimation errors.
A. OPTIMUM DIVERSITY RECEIVER
The receiver detects s k in (5) based on knowledge of the received data vector y k and the estimated CSI vectorĥ k . Thus h k conditioned onĥ k is Gaussian distributed with conditional mean and covariance matrix as
We have the following lemma regarding the optimum decision rule for the SIMO system with imperfect CSI.
Lemma 1: Consider the SIMO system defined in (5) with estimated CSIĥ k . If the transmitted symbols are modulated with MPSK and they are equiprobable, then the optimum decision rule that minimizes the system error probability isŝ
where S is the MPSK modulation alphabet set, and β k is the decision variable given as
The proof is given Appendix A.
B. ERROR PROBABILITY WITH IMPERFECT CSI
The error probability of the optimum diversity receiver with imperfect CSI and MPSK is derived in this section.
From (12) , the decision variable β k conditioned onĥ k and s k is complex Gaussian distributed with conditional mean vector and covariance matrix being
is the signal-to-noise ratio (SNR) without fading.
With the statistical properties of the decision variable given in (13) and (14), the SER of MPSK modulated SIMO systems with imperfect CSI is given in the following proposition.
Theorem 1: For an MPSK modulated SIMO system with optimum diversity receiver given in (11), the symbol error rate with imperfect CSI is
where det(·) is the matrix determinant operator, and
The proof is given in Appendix B. The analytical SER in Theorem 1 quantifies the impacts of imperfect CSI on the SER performance of a SIMO system. This analytical results will be used to identify the maximum Doppler diversity order and coding gain that can be achieved by an SIMO system with imperfect CSI.
V. DOPPLER DIVERSITY ORDER AND CODING GAIN IN THE PRESENCE OF IMPERFECT CSI
The analytical expressions of the Doppler diversity order and coding gain achievable by SIMO high mobility systems operating in the presence of imperfect CSI are identified in this section. The analytical results reveal the fundamental tradeoff between channel estimation errors and system performance.
A. NORMALIZED DIVERSITY ORDER
Since one pilot symbol is transmitted for every K data symbols, the effective energy devoted for the transmission of one coded data symbol is
Define the effective SNR of one coded symbol as
For a Doppler diversity system with a codeword that covers the time duration NT p , define the normalized Doppler diversity order as [11] 
In (18), the diversity order is defined as the negative slope of the error probability in log scale when γ 0 is large. Similar definitions are used in [15] . It should be noted that the diversity order can be alternatively defined as the negative slope of the outage probability in log scale when γ 0 is large [16] . Since the diversity order depends only on the slope instead of the actual values of error probability or outage probability, these two definitions are in general equivalent [15] , [17] . The equivalence between the two definitions are also verified through numerical examples in Section VI of this paper. Define the scaling factor ξ as the ratio between the energy per pilot symbol and the energy per coded symbol in log scale as
where γ p and γ c are the SNRs of the pilot and data symbols, respectively. Theorem 2: With the pilot-data energy scaling defined in (19) , the normalized Doppler diversity order of an SIMO system with imperfect CSI is
Proof: The proof is given in Appendix C. The results in Theorem 2 indicate that the normalized diversity order of SIMO systems operating with imperfect CSI is contributed by three factors: the Doppler diversity gain 2f D , the spatial (or antenna) diversity gain N R , and the impact of channel estimations min ξ, 1 ξ . The parameter ξ specifies the energy allocation between the code and pilot symbols. Details of the impacts of ξ on the diversity order are discussed as follows.
• ξ < 1. In this case, the normalized diversity order is 2f D N R ξ . This corresponds to the case that there is insufficient amount of energy allocated to the pilot symbols. In this case, the system performance is predominated by channel estimation error, which results in a drop of diversity gain by a factor of ξ < 1.
• ξ > 1. In this case, the normalized diversity order is 2f D N R 1 ξ . This corresponds to the case that the energy per pilot grows faster than that allocated for coded symbols. In this case, too much energy is allocated to pilot symbols such that there is not enough energy for data symbols. In this case, even though the channel can be accurately estimated, the system performance is dominated by the low SNR at the coded symbols. This leads to a drop of diversity gain by a factor of 1 ξ < 1.
• ξ = 1. In this case the system can achieve the maximum diversity order 2f D N R . The best performance is achieved when the energy at pilot and data symbols grow linearly with each other, and this renders the best tradeoff between channel estimation error and SNR for data symbols.
B. CODING GAIN
Even though it is possible for systems with imperfect CSI and ξ = 1 to achieve the same normalized Doppler diversity order as those with perfect CSI, there is always a non-negligible loss in performance in terms of the error probability due to channel estimation errors. This performance loss can be quantified in term of the loss in coding gain. For the high mobility system with imperfect CSI, the coding gain can be defined as
where D 0 = NT p D is the diversity order of the high mobility system. Equivalently, the coding gain can be represented in the log domain as
We have the following results regarding an upper and lower bounds of the coding gain.
Theorem 3: When γ p scales linearly with γ c as γ p = bγ c , the coding gain in (22) is lower bounded by log C ≥ log C L , where
Proof: The proof is in Appendix D. Theorem 4: When γ p scales linearly with γ c as γ p = bγ c , the coding gain in (22) is upper bounded by log C ≤ log C U , where
where L(x) is the Lobachevskiy function [21] , and ν = 1− The loss in coding gain at higher maximum Doppler spread f D is mainly due to the higher pilot overhead. The pilots need to sample the channel at its Nyquist rate as R p ≥ 2f D , where T p = 1/R p is the space between two consecutive pilot symbols. Thus R p , the number of pilots per unit time, increases with f D . When f D is large, there are more pilot overheads, and this results in a drop of coding gain.
The results in Theorems 3 and 4 quantify the coding gain in the presence of channel estimation error. In the special case of perfect CSI, the coding gains are given in the following corollary.
Corollary 1: Denote the coding gain for a high mobility system with perfect CSI as C . When γ p scales linearly with γ c as γ p = bγ c , the coding gain with perfect CSI is bounded as log C L ≤ log C ≤ log C U , where
and
The proof is in Appendix F. Comparing the results in Theorems 3, 4 and Corollary 1 reveal that there is a loss in coding gain in high mobility systems with non-perfect CSI. Specifically, the loss in coding gain due to channel estimation can be quantified as ϒ Loss (dB) = 10 log 10 C U − 10 log 10 C U = 10 log 10 C L − 10 log 10 C L = 10 log 10
The coding gain loss represents the extra SNR required by a system with imperfect CSI to achieve the same performance as its perfect CSI counterpart, when both systems have the same diversity gain. In addition, the coding gain loss is strictly greater than 0 dB.
The coding gain loss can be further decomposed into two components as ϒ Loss (dB) = 10 log 10 
The first term, 10 log 10 1 + b K , is the loss caused by the extra energy allocated for pilot symbols in systems with imperfect CSI. Therefore it increases in b, which is the ratio between the energy allocated for pilot and coded symbols, respectively. The second term, 10 log 10 1 + 
It should be noted that a similar results are obtained in [11, Th. 3] in terms of the SNR loss by equating the SER lower bounds of systems with imperfect and perfect CSI. In this paper we introduce the concept of coding gain and (29) is obtained in terms of the loss in coding gains. The coding gain loss due to imperfect CSI is independent of the maximum Doppler spread f D , the number of receive antennas N R , or the modulation scheme, and it depends only on K , the number of unique data symbols.
VI. NUMERICAL RESULTS
Numerical and simulation results are presented in this section to validate the theoretical results and to study the performance limits of a high mobility SIMO system with imperfect CSI. We consider a high mobility SIMO system operating at 1.9 GHz with a symbol rate of 100 ksym/s. The range of Doppler spread is between 200 Hz (f D T s = 2 × 10 −3 ) to 1 KHz (f D T s = 10 −2 ), which correspond to mobile speeds between 113.6 km/hr and 568.4 km/hr, respectively. The SIMO system is equipped with one transmit antenna and N R receive antennas with i.i.d. channels. Each slot contains K data symbols, and each symbol is transmitted N times as (15), and the simulation results are obtained through Monte Carlo simulations. Each point in the simulation results are obtained by averaging over 1,000 trials. The simulation results match very well with their analytical counterparts. For a given Doppler spread f D T s , the slopes of the SER curves of systems with prefect and imperfect CSI are the same, which implies they have the same diversity order. As expected, the diversity order increases with f D T s . Even though systems with prefect CSI and imperfect CSI have the same diversity order, there is a non-diminishing loss in SNR due to channel estimation errors. Fig. 3 demonstrates the equivalence between the diversity orders calculated by using error probability and outage probability, respectively. We set γ p = √ (K ) * γ c , and all other parameters are the same as Fig. 2 . The outage probability is numerically calculated by using
where γ is the SNR, and R th is a rate threshold. Based on the decision variable β k given in Lemma 1, the SNR γ can be calculated as
The SER results are obtained by using Theorem 1. The outage probability curves have the same slope as their SER counterparts under the same system configuration, even though their absolute values are quite different. This verifies that the diversity orders calculated by using SER or outage probability are equivalent. The diversity order is studied in Fig. 4 , where the analytical SER is plotted as a function of γ 0 under various values of ξ and receive antennas N R . To better illustrate the slopes of the SER curves, the value of γ 0 is extended to 60 dB. The parameters are N = 5 (N sym = 100), γ p = √ K γ c , and BPSK modulation. The diversity order increases with N R as expected. In addition, for a given N R , the curves with ξ = 2 and ξ = 0.5 have the same slope as predicted by Theorem 2. When ξ = 1, there is a linear scaling between the pilot and data SNR, and this leads to the maximum diversity order. Fig. 5 shows the SER as a function of ξ for N R = 2. The normalized Doppler spread is f D T s = 0.01. For a given γ 0 , the best performance is achieved at ξ = 1, which corresponds to the maximum achievable diversity order. In addition, the SER is symmetric with respect to ξ = 1, due to the fact that the diversity order is symmetric with respect to ξ = 1 as in Theorem 2. The space between the BER curves with perfect and imperfect CSI corresponds to the loss in coding gain. Based on (29), the coding gain loss is 20 log 10 1 + 1 √ 19 = 1.79 dB, and it is independent of the Doppler spread f D . This result is verified in Fig. 6 . For example, at BER = 10 −6 and f D T s = 0.01, the required SNRs for system with imperfect and perfect CSI are 8.1 dB and 9.8 dB, respectively, which corresponds to a loss of 1.7 dB. Similar observations are true when f D T s = 0.002. Fig. 7 shows the coding gain lower and upper bounds of a BPSK system as a function of f D T s . For systems with imperfect CSI, we considered two cases with K = 9 and K = 19, respectively. Other configurations are the same as Fig. 6 . Under BPSK with M = 2, the difference between the lower and upper bound is about 6.02 dB. The loss in coding gain due to imperfect CSI is independent of f D T s , and it depends only on K . The coding gain losses are 1.79 dB and 2.50 dB for K = 19 and K = 9, respectively. The losses are the same for upper and lower bounds. 
VII. CONCLUSION
The fundamental tradeoff between Doppler diversity and channel estimation errors in SIMO high mobility communication systems have been studied in this paper. The tradeoff has been quantified through two metrics: the maximum Diversity order that can be achieved by a system with imperfect CSI, and the loss in coding gains due to channel estimation errors. The two metrics were developed by performing asymptotic analysis when the SNR and the coding block length are large. The analytical results have shown that SIMO high mobility systems with imperfect CSI can achieve the same diversity order as those with perfect CSI if the SNRs of pilot and data symbols scale linearly with each other, but there is always a loss in coding gain due to channel estimation error. The loss in coding gain is independent of the Doppler spread. Based on the analytical results, we have identified the optimum energy allocation between pilot and data symbols that can simultaneously maximize the diversity order and minimize the coding gain loss for high mobility systems with imperfect CSI.
APPENDIX A PROOF OF LEMMA 1
For a system with equiprobable symbols, the error probability can be minimized by using the maximum likelihood (ML) detection. Conditioned on the transmitted symbol s k and the estimated CSI vectorĥ k , the received data vector y k is complex Gaussian distributed. Based on (9) and (10), the conditional mean vector and covariance matrix of
The ML detection can then be expressed aŝ
Simplifying the above equation with the fact that |s k | = 1 leads to (11) .
APPENDIX B PROOF OF THEOREM 1
With the the estimated CSIĥ k , and the transmitted symbol s k , the conditional SER equals to the probability that the decision variable β k in Lemma 1, is outside of the decision region of s k . [18] . Based on [12] and [13] , the error proability can be written as
where the identity A ⊗ B + A ⊗ C = A ⊗ (B + C) is used in the second equation. Based on the fact that (A ⊗ B)
where a = 
APPENDIX C PROOF OF THEOREM 2
From [11] , we have
where (γ 0 ) = det(c ). Based on [11] , we have
Combining (42) and (43) completes the proof.
APPENDIX D PROOF OF THEOREM 3
Following a similar procedure as [11, Lemma 1], we can show that η L ≤ log P(E) ≤ η U , where
with ν = 1 − 1 M . Based on (22), we can then obtain a lower bound of the coding gain as
where D = 2f D N R with ξ = 1 as from Theorem 2, and (γ 0 ) = det(c ) with c = sin
In the above expression, it can be easily shown that
In addition, based on the fact that lim x→0
For a given constant K , γ 0 → ∞ implies γ t → ∞. Thus combining (47), (48) and (49) yields
(50) VOLUME 6, 2018 Under the assumption γ p = bγ c , we have γ c = K K +b γ 0 and γ p = Kb K +b γ 0 . Substituting these results into (50) yields
Combining (46) and (51), the coding gain lower bound can be written as
where the facts that δ = 2πf D T p and D = 2f D N R are used in the derivation of the above results.
APPENDIX E PROOF OF THEOREM 4
Based on (22) and (44), we can obtain an upper bound of the coding gain as
where D = 2f D N R with ξ = 1 as from Theorem 2, and
Combining (52), (23), and (51) yields
Since sin φ ≤ 1, the integeral on the right hand side of (55) is always non-negative. The result in (46) can then be obtained by applying [21, (4.224) ] in (55).
APPENDIX F PROOF OF COLLORARY 1
Based on [11, Corollary 1] , the error probability with perfect CSI can be obtained by replacing with B = γ c R pp in (15) . Thus the upper and lower bound of the SER with perfect CSI can be written as
with ν = 1 − 
where γ c = γ 0 for system with perfect CSI. Combining (58) with (59) yields
Similarly, based on (22) and (56), we can write the upper bound of the coding gain as
From (59), we have
Combining (60), (63), and (62) yields
The result in (26) can then be obtained by applying [21, (4. 
